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DEGENERATIONS OF SPHERICAL SUBALGEBRAS
AND SPHERICAL ROOTS
ROMAN AVDEEV
Abstract. We obtain several structure results for a class of spherical subgroups of con-
nected reductive complex algebraic groups that extends the class of strongly solvable
spherical subgroups. Based on these results, we construct certain one-parameter degen-
erations of the Lie algebras corresponding to such subgroups. As an application, we
exhibit an explicit algorithm for computing the set of spherical roots of such a spherical
subgroup.
1. Introduction
Let G be a connected reductive complex algebraic group. A G-variety (that is, an
algebraic variety equipped with a regular action of G) is said to be spherical if it is
irreducible, normal, and possesses an open orbit with respect to the induced action of
a Borel subgroup B ⊂ G. A closed subgroup H ⊂ G is said to be spherical if the
homogeneous space G/H is spherical as a G-variety.
The celebrated theory of Luna and Vust (see [LuVu] or [Kno2]) provides a complete de-
scription of all spherical G-varieties with a given open orbit G/H in terms of three combi-
natorial invariants, which we call the Luna–Vust invariants: the weight lattice ΛG(G/H),
the finite set ΣG(G/H) of spherical roots, and the finite set DG(G/H) of colors (see precise
definitions in § 3.1). The Luna–Vust invariants play also a crucial role in the combinato-
rial classification of spherical homogeneous spaces that was established with contributions
of Luna [Lun1], Losev [Los1], and Bravi and Pezzini [BrPe2, BrPe3, BrPe4] (see also an
alternative approach to this classification in the preprint [Cup]).
Given the importance of the Luna–Vust invariants in the theory of spherical varieties,
a natural problem is to compute them starting from an explicit form of a spherical sub-
group H ⊂ G. A standard way of specifying H is to use a regular embedding of H in a
parabolic subgroup P ⊂ G, where “regular” means the inclusion Hu ⊂ Pu of the unipotent
radicals of H and P , respectively. By now, a complete solution of the above problem is
known essentially in the following two particular cases:
(1) P = G (that is, H is reductive);
(2) P = B (subgroups contained in a Borel subgroup of G are called strongly solvable).
In case (1), there is a complete classification of spherical homogeneous spaces G/H with
reductive H due to [Kra¨, Mik, Bri1]. A description of the weight lattices and colors for this
case follows from results in [Kra¨, Avd1], and the sets of spherical roots are known thanks
to the paper [BrPe3]. In case (2), all the Luna–Vust invariants for spherical homogeneous
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spaces G/H with H ⊂ B were computed in [Avd3] by using a structure theory of such
subgroups developed in [Avd2].
For arbitrary spherical subgroups, the state of the art in computing the Luna–Vust
invariants is as follows. First, there is a general method tracing back to Panyushev [Pan2]
for computing the weight lattice of a spherical homogeneous space G/H in terms of a
regular embedding of H in a parabolic subgroup of G, see Theorem 3.12. Second, there
are two different general approaches for computing the set of spherical roots: one is due
to Luna–Vust (the method of formal curves, see [LuVu, § 4] or [Tim, § 24]) and the other
one is due to Losev [Los3]. (In fact, both approaches deal with a generalization of the
set of spherical roots to arbitrary G-varieties.) However, these two approaches seem
to work effectively only for some special classes of spherical homogeneous spaces. As a
consequence, the problem of finding effective algorithms for computing the spherical roots
and colors for arbitrary spherical subgroups still remains of great importance.
In this paper, we are concerned with the problem of computing the set of spherical
roots for a given spherical subgroup H ⊂ G. We propose a general strategy for solving
this problem based on the following idea. First of all, a standard argument reduces the
consideration to the case where G is semisimple and H coincides with its normalizer in G.
In this case, H equals the stabilizer of h under the adjoint action of G on g, where h, g
are the Lie algebras of H,G, respectively. Then the G-orbit Gh of h in the Grassmannian
Grdim h(g) of (dim h)-dimensional subspaces in g is isomorphic to G/H , and the closure
X of this orbit is said to be the Demazure embedding of G/H . It is known from [Bri1]
and [Los2] that X is a so-called wonderful G-variety, see the precise definition in § 3.8.
The latter implies in particular that there is a bijection J 7→ OJ between the subsets of
ΣG(G/H) and the G-orbits in X such that for every two subsets J, J
′ ⊂ ΣG(G/H) the
following properties hold:
• OJ is a spherical G-variety whose set of spherical roots is J ;
• the codimension of OJ in X equals |ΣG(G/H) \ J |;
• OJ lies in the closure of OJ ′ if and only if J ⊂ J
′.
In particular, the open G-orbit in X corresponds to the whole set ΣG(G/H). Now sup-
pose two one-parameter subgroups φ1, φ2 ⊂ G degenerate h to subalgebras h1, h2 ⊂ g,
respectively, and the G-orbits Gh1, Gh2 ⊂ Grdim h(g) are different and both have codimen-
sion 1 in X. Then ΣG(Gh1) = ΣG(G/H) \ {σ1} and ΣG(Gh2) = ΣG(G/H) \ {σ2} for two
different elements σ1, σ2 ∈ ΣG(G/H) and hence ΣG(G/H) = ΣG(Gh1) ∪ ΣG(Gh2). Thus
the problem of finding the set of spherical roots for G/H reduces to the same problem
for G/N1 and G/N2 where N1, N2 are the stabilizers in G of the subalgebras h1, h2, re-
spectively. Since the number of spherical roots for G/N1 and G/N2 is strictly less than
that for G/H , iterating the above procedure in a finite number of steps leads to a finite
number of spherical homogeneous spaces having only one spherical root, and for such
spaces the unique spherical root is read off directly from the weight lattice. In principle,
this strategy yields a recursive algorithm for computing the set of spherical roots for a
given spherical subgroup H , but the main difficulty here is to find explicit constructions
of one-parameter degenerations of h having all the required properties.
The main goal of the present paper is to implement the above strategy for a wide class
of spherical subgroups extending that of strongly solvable ones. Namely, we consider
spherical subgroups H ⊂ G regularly embedded in a parabolic subgroup P ⊂ G such that
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a Levi subgroup K ⊂ H satisfies L′ ⊂ K ⊂ L for a Levi subgroup L ⊂ P and its derived
subgroup L′. For such spherical subgroups H , we generalize several structure results
obtained in [Avd2] for strongly solvable spherical subgroups and show in particular that,
up to conjugation by an element of the connected center C of L, H is uniquely determined
by the pair (K,Ψ) where Ψ is the finite set of so-called active C-roots, which naturally
generalize active roots introduced in loc. cit. For subgroups H with |Ψ| ≥ 2 the above-
mentioned structure results enable us to present (at least) two one-parameter subgroups
φ1, φ2 ⊂ G, describe explicitly the corresponding degenerations h1, h2, and prove that
they satisfy all the properties mentioned in the previous paragraph. More specifically,
if Hu is not normalized by C then it is possible to choose φ1, φ2 to be one-parameter
subgroups of C. In the opposite case we take φ1, φ2 to be certain root unipotent one-
parameter subgroups of G. It is worth mentioning that in both cases the two resulting
subgroups N1, N2 still belong to the class of spherical subgroups under consideration,
which enables us to repeat our procedure for them. When |Ψ| = 1 (we call such cases
primitive), computation of the set of spherical roots readily reduces to the case where
P is a maximal parabolic subgroup. In turn, all such cases can be easily classified and
moreover for each of them the set of spherical roots turns out to be known. As a result,
this yields an explicit algorithm for computing the set of spherical roots that terminates
at a finite number of primitive cases.
As can be seen from its description, the above algorithm is rather slow: to compute the
set of spherical roots for a spherical subgroup H with |ΣG(G/H)| = r, in the worst case
one needs to calculate 2r − 2 intermediate subalgebras. On the other hand, if H is in the
class from the previous paragraph then it seems to be very likely that all the primitive
cases arising as outcomes of the algorithm admit a simple description purely in terms of
the pair (K,Ψ), and it would be very interesting to find such a description.
We now mention two other directions of further research related to this paper. Firstly,
an important problem is to generalize the results of this paper to the case of arbitrary
spherical subgroups of G regularly embedded in a parabolic subgroup P . As was already
mentioned above, the main difficulty here is to find constructions of one-parameter de-
generations of the corresponding Lie algebras having special properties. Secondly, a more
general problem is to find explicitly (a collection of) degenerations of the Lie algebra h of a
self-normalizing spherical subgroup H via which h can reach any G-orbit in the Demazure
embedding of G/H . This problem is quite nontrivial even for the class of spherical sub-
groups considered in this paper: using our degenerations constructed for such subgroups
one can reach only a small part of G-orbits of codimension 1 (and no G-orbits of higher
codimensions). We note that the problem of reaching all G-orbits in the Demazure em-
bedding is closely related to determining all the satellites of a given spherical subgroup,
which were introduced in [BaMo].
This paper is organized as follows. In § 2, we fix notation and conventions and discuss
several general results used in this paper. In § 3, we collect all the necessary material on
spherical varieties and provide a detailed presentation of our general strategy for comput-
ing the sets of spherical roots. In § 4 we prove several structure results for the class of
spherical subgroups focused on in this paper. Finally, in § 5 we apply the results of § 4
to construct one-parameter degenerations of Lie algebras of spherical subgroups under
consideration and exhibit an algorithm for computing the sets of spherical roots for them
according to the general strategy.
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2. Preliminaries
2.1. Notation and conventions. Throughout this paper, we work over the field C of
complex numbers. All topological terms relate to the Zariski topology. All subgroups
of algebraic groups are assumed to be algebraic. The Lie algebras of algebraic groups
denoted by capital Latin letters are denoted by the corresponding small Gothic letters.
AK-variety is an algebraic variety equipped with a regular action of an algebraic groupK.
Z+ = {z ∈ Z | z ≥ 0};
Q+ = {q ∈ Q | q ≥ 0};
(C×,×) or just C× is the multiplicative group of the field C;
(C,+) is the additive group of the field C;
|X| is the cardinality of a finite set X;
〈v1, . . . , vk〉 is the linear span of vectors v1, . . . , vk of a vector space V ;
V ∗ is the space of linear functions on a vector space V ;
S(V ) is the symmetric algebra of a vector space V ;
Sk(V ) is the kth symmetric power of a vector space V ;
∧k(V ) is the kth exterior power of a vector space V ;
L0 is the connected component of the identity of an algebraic group L;
L′ is the derived subgroup of a group L;
Lu is the unipotent radical of an algebraic group L;
Z(L) is the center of a group L;
X(L) is the character group (in additive notation) of an algebraic group L;
ZL(K) is the centralizer of a subgroup K in a group L;
NL(K) is the normalizer of a subgroup K in a group L;
NL(u) = {g ∈ L | Ad(g)u = u} is the normalizer in a subgroup L ⊂ G of a subalgebra
u ⊂ g;
C[X ] the algebra of regular functions on an algebraic variety X;
C(X) is the field of rational functions on an irreducible algebraic variety X;
Grk(V ) is the Grassmannian of k-dimensional subspaces of a vector space V ;
G is a connected reductive algebraic group;
B ⊂ G is a fixed Borel subgroup;
T ⊂ B is a fixed maximal torus;
B− is the Borel subgroup of G opposite to B with respect to T , so that B ∩B− = T ;
(· , ·) is a fixed inner product on QX(T ) invariant with respect to the Weyl group
NG(T )/T ;
∆ ⊂ X(T ) is the root system of G with respect to T ;
∆+ ⊂ ∆ is the set of positive roots with respect to B;
Π ⊂ ∆+ is the set of simple roots with respect to B;
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Λ+G ⊂ X(T ) is the set of dominant weights of G with respect to B;
α∨ ∈ HomZ(X(T ),Z) is the coroot corresponding to a root α ∈ ∆;
hα ∈ t is the image of α
∨ in t;
gα ⊂ g is the root subspace corresponding to a root α ∈ ∆;
eα ∈ gα is a fixed nonzero element.
The groups X(B) and X(T ) are identified via restricting characters from B to T .
Given a parabolic subgroup P ⊂ G such that P ⊃ B or P ⊃ B−, the unique Levi
subgroup L of P containing T is called the standard Levi subgroup of P . By abuse of
language, in this situation we also say that L is a standard Levi subgroup of G. The
unique parabolic subgroup Q of G such that p + q = g and P ∩ Q = L is said to be
opposite to P .
Let L ⊂ G be a standard Levi subgroup and let K ⊂ G be a reductive subgroup (not
necessarily connected) satisfying L′ ⊂ K ⊂ L. In this situation, we put BL = B ∩ L and
BK = B ∩K, so that BL is a Borel subgroup of L and B
0
K is a Borel subgroup of K. If
V is a simple K-module, by a highest (resp. lowest) weight vector of V we mean a BK-
semi-invariant (resp. (B− ∩ K)-semi-invariant) vector in V . The highest (resp. lowest)
weight of V is the (T ∩K)-weight of a highest (resp. lowest) weight vector in V . These
conventions on V are also valid if L = K = G.
Given a standard Levi subgroup L ⊂ G, we let ∆L ⊂ ∆ be the root system of L and
put ∆+L = ∆
+ ∩ ∆L and ΠL = Π ∩ ∆L, so that ∆
+
L (resp. ΠL) is the set of all positive
(resp. simple) roots of L with respect to the Borel subgroup BL.
We fix a nondegenerate G-invariant inner product on g and for every subspace u ⊂ g
let u⊥ be the orthogonal complement of u in g with respect to this form.
The simple roots and fundamental weights of simple algebraic groups are numbered as
in [Bou].
Let K be a group and let K1, K2 be subgroups of K. We write K = K1 ⋌ K2 if K
is a semidirect product of K1, K2 with K2 being a normal subgroup of K. We write
K = K1 ·K2 if K is an almost direct product of K1, K2, that is, K = K1K2, K1 and K2
commute with each other, and the intersection K1 ∩K2 is finite.
2.2. Levi roots and their properties. Let L be a standard Levi subgroup of G and let
C be the connected center of L. We consider the natural restriction map ε : X(T )→ X(C)
and extend it to the corresponding map εQ : QX(T ) → QX(C). Let (Ker εQ)⊥ ⊂ QX(T )
be the orthogonal complement of Ker εQ with respect to the inner product (· , ·). Under
the map εQ the subspace (Ker εQ)
⊥ maps isomorphically to QX(C); we equip QX(C) with
the inner product transferred from (Ker εQ)
⊥ via this isomorphism.
Consider the adjoint action of C on g. For every λ ∈ X(C), let g(λ) ⊂ g be the
corresponding weight subspace of weight λ. It is well known that g(0) = l. We put
Φ = {λ ∈ X(C) \ {0} | g(λ) 6= {0}}.
Then there is the following decomposition of g into a direct sum of C-weight subspaces:
g = l⊕
⊕
λ∈Φ
g(λ).
In what follows, elements of the set Φ will be referred to as C-roots. It is easy to see that
Φ = ε(∆ \∆L). In particular, Φ = −Φ.
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Now consider the adjoint action of L on g. Then each C-weight subspace of g becomes
an L-module in a natural way.
The following proposition seems to be well known; for convenience, we provide a proof
of part (c) due to the lack of reference.
Proposition 2.1. The following assertions hold:
(a) (see [Kos, Theorem 1.9] or [GOV, Ch. 3, Lemma 3.9]) for every λ ∈ Φ the subspace
g(λ) is a simple L-module;
(b) (see [Kos, Lemma 2.1]) for every λ, µ, ν ∈ Φ with λ = µ + ν one has g(λ) =
[g(µ), g(ν)];
(c) for every λ ∈ Φ there is an L-module isomorphism g(−λ) ≃ g(λ)∗.
Proof of (c). It is easy to see that the highest weight of g(−λ) is opposite to the lowest
weight of g(λ), which implies the required result. 
Proposition 2.2. Suppose that λ, µ, ν ∈ Φ and λ = µ+ ν. Then
(a) g(λ) is isomorphic as an L-module to a submodule of g(µ)⊗ g(ν);
(b) if µ = ν then g(λ) is isomorphic as an L-module to a submodule of ∧2g(µ).
Proof. The bilinear map g(µ)× g(ν)→ g(λ), (x, y) 7→ [x, y], induces an L-module homo-
morphism g(µ)⊗ g(ν)→ g(λ) in case (a) and ∧2g(µ)→ g(λ) in case (b). The claim now
follows from Proposition 2.1(a, b). 
Proposition 2.3 (see [Kos, Theorem 2.3]). Suppose that λ, µ ∈ Φ. Then
(a) if (λ, µ) < 0 and λ+ µ 6= 0 then λ+ µ ∈ Φ;
(b) if (λ, µ) > 0 and λ− µ 6= 0 then λ− µ ∈ Φ.
2.3. One-parameter degenerations in complete varieties. The following result seems
to be well known, we provide it together with a proof for convenience of the reader.
Proposition 2.4. Let X be a complete variety and let x0 ∈ X be an arbitrary point.
(a) If X is equipped with a regular action of the multiplicative group (C×,×) then there
exists lim
t→0
tx = x0 and x0 is a C×-stable point of X.
(b) If X is equipped with a regular action of the additive group (C,+) then there exists
lim
t→∞
tx = x∞ and x∞ is a C-stable point of X.
Proof. Let G denote the acting group and let Y be the closure in X of the orbit Gx0.
If Y is a point then the assertion is trivial. Otherwise dimY = 1 and without loss of
generality we may assume that G acts effectively on Y . Since the G-action on Y lifts to
a G-action on the normalization of Y , it suffices to prove the assertion for normal Y , in
which case Y is a smooth complete curve. Further, the orbit Gx0 is isomorphic to G as
an algebraic variety, hence Y is rational. It follows that Y ≃ P1 and G is identified with
a subgroup of PGL2. Thus, up to conjugation in PGL2, in case (a) (resp. (b)) we get the
standard action of (C×,×) (resp. (C,+)) on P1. In both cases the assertion is true. 
In this paper, we shall apply the above result in the situation where X = Grk(V ) for a
finite-dimensional vector space V and some k. Note that, if V is a Lie algebra and x0 ∈ X
is a Lie subalgebra of V , then the limit of x0 is automatically a Lie subalgebra of V .
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3. Generalities on spherical varieties
Recall from the introduction that a normal irreducible G-variety X is said to be spheri-
cal if X possesses an open orbit for the induced action of B and a subgroup H ⊂ G is said
to be spherical if G/H is a spherical homogeneous space. In this situation, h is referred
to as a spherical subalgebra of g.
3.1. Combinatorial invariants of spherical varieties. LetX be a spherical G-variety.
All invariants of X introduced in this subsection implicitly depend on the fixed choice of
a Borel subgroup B ⊂ G.
We first define the Luna–Vust invariants ΛG(X), ΣG(X), and DG(X). (In fact, we
do not work with the invariant DG(X) in this paper; its definition is recalled rather for
completeness.)
For every λ ∈ X(T ) let C(X)(B)λ be the space of B-semi-invariant rational functions
on X of weight λ. Then the weight lattice of X is by definition
ΛG(X) = {λ ∈ X(T ) | C(X)
(B)
λ 6= {0}}.
Since B has an open orbit on X, it follows that for every λ ∈ ΛG(X) the space C(X)
(B)
λ
has dimension 1 and hence is spanned by a nonzero function fλ.
We note that for two spherical subgroups H1, H2 ⊂ G with H1 ⊂ H2 the lattice
ΛG(G/H2) is naturally identified with a sublattice of ΛG(G/H1). Moreover, if H1 has
finite index in H2 then ΛG(G/H2) is of finite index in ΛG(G/H1), so that QΛG(G/H2) =
QΛG(G/H1).
Put QG(X) = HomZ(ΛG(X),Q).
Every discrete Q-valued valuation v of the field C(X) vanishing on C× determines an
element ρv ∈ QG(X) such that ρv(λ) = v(fλ) for all λ ∈ ΛG(X). It is known that the
restriction of the map v 7→ ρv to the set of G-invariant discrete Q-valued valuations of
C(X) vanishing on C× is injective (see [LuVu, 7.4] or [Kno2, Corollary 1.8]) and its image
is a finitely generated cone containing the image in QG(X) of the antidominant Weyl
chamber (see [BrPa, Proposition 3.2 and Corollary 4.1, i)] or [Kno3, Corollary 5.3]). We
denote this cone by VG(X). Results of [Bri2, § 3] imply that VG(X) is a cosimplicial cone
in QG(X). Consequently, there is a uniquely determined linearly independent set ΣG(X)
of primitive elements in ΛG(X) such that
VG(X) = {q ∈ QG(X) | q(σ) ≤ 0 for all σ ∈ ΣG(X)}.
Elements of ΣG(X) are called spherical roots of X and VG(X) is called the valuation
cone of X. The above discussion implies that every spherical root is a nonnegative linear
combination of simple roots.
Proposition 3.1 (see [BrPa, Corollary 5.3]). Let H ⊂ G be a spherical subgroup. The
set ΣG(G/H) is a basis of the vector space QΛG(G/H) if and only if the group NG(H)/H
is finite.
A color of X is a prime divisor in X that is B-stable but not G-stable. Let DG(X)
denote the (finite) set of all colors of X. The set DG(X) is considered as an abstract set
equipped with a map ρ = ρG(X) : DG(X) → QG(X) defined as follows. For every D ∈
DG(X), let vD be the valuation of the field C(X) defined by D, that is, vD(f) = ordD(f)
for every f ∈ C(X). Then we put ρ(D) = ρvD .
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As can be easily seen from the definitions, all the three Luna–Vust invariants depend
only on the open G-orbit in X.
For a quasi-affine spherical G-varietyX, there is a finer invariant than the weight lattice.
Consider the natural action of G on C[X ]. The highest weights of all simple G-modules
occurring in C[X ] form a monoid, called the weight monoid of X. The following result is
well known; for a proof see, for instance, [Tim, Proposition 5.14].
Proposition 3.2. Suppose that X is a quasi-affine spherical G-variety. Then ΛG(X) =
ZΓG(X).
As a concluding remark, we mention the following observation. If a central subgroup
Z ⊂ G acts trivially on X then X can be regarded a spherical G/Z-variety. In this case it
is easy to see that all the above invariants of X as a spherical G-variety naturally identify
with the corresponding invariants of X as a spherical G/Z-variety.
3.2. Parabolic induction. Let Q ⊃ B− be a parabolic subgroup of G and let L be the
standard Levi subgroup of Q. Given a spherical subgroup F ⊂ L, put H = F ⋌Qu. Then
H is a spherical subgroup of G. In this case, we say that the homogeneous space G/H is
obtained from L/F by parabolic induction.
In this paper, we shall need the following statement, which follows from the general
result [Tim, Proposition 20.13].
Proposition 3.3. Under the above notation, ΣG(G/H) = ΣL(L/F ).
3.3. Spherical modules. Let V be a finite-dimensional G-module. We say that V is
a spherical G-module if V is spherical as a G-variety. According to [ViKi, Theorem 2],
V is spherical if and only if the G-module C[V ] is multiplicity free. In particular, the
latter implies that every submodule of a spherical G-module is again spherical and V is
spherical if and only if so is V ∗.
Until the end of this subsection we assume that V is a spherical G-module. It is well
known that the weight monoid ΓG(V ) is free; see, for instance, [Kno3, Theorem 3.2]. Let
FG(V ) denote the set of indecomposable elements of the monoid ΓG(V ). By definition,
FG(V ) is a linearly independent subset of Λ
+
G such that ΓG(V ) = Z
+FG(V ). Let E be the
set of highest weights of the G-module V ∗. The following result is well known, we provide
it together with a proof for convenience.
Proposition 3.4. There is a disjoint union FG(V ) = E ∪ E
′ where each element µ ∈ E ′
has the form µ =
∑
λ∈E
aλλ−
∑
α∈Π
bαα for some aλ, bα ∈ Z
+. Moreover, the coefficients aλ, bα
depend only on the G′-module structure of V .
Proof. Thanks to the G-module isomorphism C[V ] ≃ S(V ∗), we find that E ⊂ FG(V ).
Next, suppose that E = {λ1, . . . , λk} with λi 6= λj for i 6= j and for every i = 1, . . . , k let
Vi be a simple G-module with highest weight λi, so that V
∗ is isomorphic to V1⊕ . . .⊕Vk
as a G-module. Then there is a G-module isomorphism
(3.1) S(V ∗) ≃
⊕
(s1,...,sk)∈(Z+)k
Ss1(V1)⊗ . . .⊗ S
sk(Vk).
It follows that for every µ ∈ FG(V ) \ E the simple G-submodule of S(V
∗) with highest
weight µ is a submodule of one of the summands on the right-hand side of (3.1). The
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latter completes the proof since each T -weight of Vi is obtained from λi by subtracting a
linear combination of the roots in Π with nonnegative integer coefficients. 
Remark 3.5. Let G˜ be a subgroup of G satisfying G′ ⊂ G˜ ⊂ G and suppose V remains
spherical when regarded as a G˜-module. Then restricting the dominant weights from G
to G˜ yields a natural bijection FG(V )→ FG˜(V ).
Remark 3.6. In § 3.6, we shall also deal with disconnected groups of the form Ĝ = Z · G
where Z is a finite Abelian group. A finite-dimensional Ĝ-module will be called spherical if
V is spherical as a G-module. One easily extends the notions of weight lattice and weight
monoid to spherical Ĝ-modules by considering (Z · B)-weights instead of B-weights in
both definitions, so that ΛĜ(V ),ΓĜ(V ) ⊂ X(Z · B) for every spherical Ĝ-module V . All
results mentioned in this subsection remain valid for spherical Ĝ-modules.
3.4. A characterization of spherical modules. Let V be a spherical G-module (not
necessarily simple) and let ω be a highest weight of V . Fix a highest-weight vector
vω ∈ V with highest weight ω. Put Q = {g ∈ G | g〈vω〉 = 〈vω〉}, this is a parabolic
subgroup of G containing B. Let M be the standard Levi subgroup of Q and let M0 be
the stabilizer of vω in M . Let Q
− ⊃ B− be the parabolic subgroup of G opposite to Q.
Put ∆+(ω) = {α ∈ ∆+ | (α, ω) > 0}, so that ∆+(ω) = ∆+ \∆+M . Let ξ ∈ V
∗ be a lowest
weight vector (of weight −ω), so that ξ(vω) 6= 0. Put
V˜ = {v ∈ V | (quξ)(v) = 0} = {v ∈ V | ξ(quv) = 0}
and V0 = V˜ ∩Ker ξ. Both V and V0 are M-modules in a natural way, and there are the
decompositions V˜ = 〈vω〉 ⊕ V0 and V = (q
−
u vω) ⊕ V˜ into direct sums of M-submodules.
The following result is extracted from the proof of [Kno3, Theorem 3.3].
Theorem 3.7. The following assertions hold:
(a) V is a spherical G-module if and only if V˜ is a spherical M-module.
(b) Under the conditions of (a), one has ΛG(V
∗) = ΛM(V˜
∗).
We shall also need the following simple observation, which extends part (a) of the above
theorem.
Remark 3.8. V˜ is a spherical M-module if and only if V0 is a spherical M0-module.
3.5. Classification of spherical modules and some consequences. All modules
considered in this subsection are assumed to be finite-dimensional. The terminology in
this subsection follows Knop [Kno3, § 5].
Given two connected reductive algebraic groups G1, G2, for i = 1, 2 let Vi be a finite-
dimensional Gi-module and let ρi : G→ GL(Vi) be the corresponding representation. The
pairs (G1, V1) and (G2, V2) are said to be geometrically equivalent (or just equivalent for
short) if there exists an isomorphism of vector spaces V1
∼
−→ V2 identifying the groups
ρ1(G1) and ρ2(G2). As an important example, note that for any G-module V the pairs
(G, V ) and (G, V ∗) are equivalent.
A complete classification of simple spherical modules was obtained in [Kac] and is given
by the following theorem.
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Theorem 3.9. Let V be a simple G-module and let χ be the character via which the
connected center of G acts on V . The G-module V is spherical if and only if the following
two conditions hold:
(1) up to equivalence, the pair (G′, V ) appears in Table 1;
(2) the character χ satisfies the conditions listed in the fourth column of Table 1.
Table 1.
No. G′ V Conditions on χ ∧2V Note
1 {e} C χ 6= 0 {0}
2 SLn Cn ∧2Cn n ≥ 2
3 Sp2n C
2n R(̟2)⊕ C1 n ≥ 2
4 SOn Cn χ 6= 0 ∧2Cn n ≥ 5
5 SLn S
2Cn χ 6= 0 R(2̟1 +̟2) n ≥ 2
6 SLn ∧
2Cn χ 6= 0 for n even R(̟1 +̟3) n ≥ 5
7 SLn× SLm Cn⊗Cm χ 6= 0 for n = m
∧2Cn⊗S2Cm⊕
S2Cn⊗∧2Cm
n,m ≥ 2
8 SL2× Sp2n C
2⊗C2n χ 6= 0
S2C2n ⊕ S2C2⊕
S2C2⊗R(̟′2)
n ≥ 2
9 SL3× Sp2n C
3⊗C2n χ 6= 0
∧2C3⊗S2C2n⊕
S2C3⊗R(̟′2)⊕ S
2C3
n ≥ 2
10 SLn× Sp4 C
n⊗C4 χ 6= 0 for n = 4
∧2Cn⊗S2C4⊕
S2Cn⊗R(̟′2)⊕ S
2Cn
n ≥ 4
11 Spin7 R(̟3) χ 6= 0 R(̟1)⊕R(̟2)
12 Spin9 R(̟4) χ 6= 0 R(̟2)⊕R(̟3)
13 Spin10 R(̟5) R(̟3)
14 G2 R(̟1) χ 6= 0 R(̟1)⊕R(̟2)
15 E6 R(̟1) χ 6= 0 R(̟3)
In Table 1, the notation R(λ) stands for the simple G′-module with highest weight λ
and ̟i (resp. ̟
′
i) denotes the ith fundamental weight of the first (resp. second) factor
of G′.
In this paper, for each simple spherical G-module V we shall also need to know the
decomposition of ∧2V into irreducible G-submodules. For each case in Table 1, we provide
this decomposition (into irreducible G′-modules) in the fifth column. For cases 1–6 this
decomposition is well known. For cases 7–10 it follows from the well-known GL(U) ×
GL(W )-module isomorphism ∧2(U ⊗W ) ≃ ∧2U ⊗ S2W ⊕ S2U ⊗ ∧2W (where U,W are
arbitrary finite-dimensional vector spaces). For cases 11–15, the decomposition can be
computed using the program LiE [LiE].
In this paper, we shall need the following consequence of Theorem 3.9.
Corollary 3.10. Suppose that V is a simple spherical G-module. Then V is not isomor-
phic to a submodule of ∧2V .
Proof. Assuming the converse we obtain that the connected center of G acts trivially on V .
Then the proof is completed by a case-by-case check of all such cases in Table 1. 
Before discussing the classification of non-simple spherical modules, we need to intro-
duce several additional notions.
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We say that a G-module V is decomposable if there exist connected reductive algebraic
groups G1, G2, a G1-module V1, and a G2-module V2 such that the pair (G, V ) is equivalent
to (G1 × G2, V1 ⊕ V2). Clearly, in this situation V is a spherical G-module if and only if
Vi is a spherical Gi-module for i = 1, 2, in which case there is a disjoint union FG(V ) =
FG1(V1) ∪ FG2(V2). We say that V is indecomposable if V is not decomposable.
Let V be a G-module and fix a decomposition V = V1 ⊕ . . . ⊕ Vs into a direct sum
of simple G-submodules. Let Z be the subgroup of GL(V ) consisting of the elements
that act by scalar transformations on each Vi, i = 1, . . . , s. Denote by C the image in
GL(V ) of the connected center of G. Clearly, C ⊂ Z and the pair (G, V ) is equivalent to
(G′ × C, V ). We say that the (G′ × Z)-module V is the saturation of the G-module V .
The G-module V is said to be saturated if C = Z. If V is a spherical G-module then V
is also spherical as a (G′×Z)-module and according to Remark 3.5 restricting characters
from Z to C induces a bijection FG′×Z(V )→ FG′×C(V ).
A complete classification (up to equivalence) of all indecomposable saturated non-simple
spherical modules was independently obtained in [BeRa] and [Lea]. Both papers contain
also a description of all spherical modules with a given saturation, which completes the
classification of all spherical modules. The weight monoids of all indecomposable saturated
spherical modules are known thanks to the papers [HoUm] (the case of simple modules)
and [Lea] (the case of non-simple modules). A complete list (up to equivalence) of all
indecomposable saturated spherical modules can be found in [Kno3, § 5] along with various
additional data, including the indecomposable elements of the weight monoids.
We finish this subsection with the following consequence of the classification of spherical
modules.
Proposition 3.11. Suppose that V is a simple spherical G-module and W is a nontrivial
G-submodule of ∧2V such that V ⊕W is a spherical G-module. Then one of the following
two possibilities is realized:
(1) G′ ≃ SLn (n ≥ 2) and there are G
′-module isomorphisms V ≃ Cn, W ≃ ∧2Cn;
(2) G′ ≃ Sp2n (n ≥ 2) and there are G
′-module isomorphisms V ≃ C2n, W ≃ C1.
Proof. For each pair (G′, V ) in Table 1, we consider all possible nontrivial G′-submodules
W ⊂ ∧2V and check via the list in [Kno3, § 5] whether the saturation of the G′-module
V ⊕W is a spherical module. This case-by-case analysis is substantially shortened by
observing that the saturation of the G′-module W itself should be a spherical module.
The analysis ultimately yields only the two cases listed in the statement, which completes
the proof. 
3.6. Generalities on spherical subgroups. Let H ⊂ G be a subgroup. By [Hum,
§ 30.3] there exists a parabolic subgroup P ⊂ G such that Hu ⊂ Pu. In this situation,
we say that H is regularly embedded in P . One can choose Levi subgroups L ⊂ P and
K ⊂ H in such a way that K ⊂ L. Then by [Mon, Lemma 1.4] there is a K-equivariant
isomorphism Pu/Hu ≃ pu/hu.
Let S ⊂ K be a generic stabilizer for the natural action of K on l/k. According to
[Kno1, Corollary 8.2] and [Pan1, Theorem 1(iii), Theorem 3(ii), and § 2.1], the subgroup
S has the following properties:
• S is reductive;
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• there are a parabolic subgroup QL ⊂ L and a Levi subgroup M ⊂ QL such that
M ′ ⊂ S ⊂M .
It is worth mentioning that S may be disconnected, however the second property guaran-
tees that S = Z(S)S ′. Put Q = QL ⋌ Pu, then Q is a parabolic subgroup of G contained
in P .
Replacing H , S, and QL with conjugate subgroups we may assume that P ⊃ Q ⊃ B
−,
L is the standard Levi subgroup of P , and M is the standard Levi subgroup of Q.
The following theorem is implied by [Pan2, Theorem 1.2]; see also [Tim, Theorem 9.4].
Theorem 3.12. Under the above notation and assumptions, H is a spherical subgroup
of G if and only if the following two conditions hold simultaneously:
(1) K is a spherical subgroup of L;
(2) pu/hu is a spherical S-module.
Moreover, under these conditions there is an exact sequence
0→ ΛL(L/K)→ ΛG(G/H)→ ΛS(pu/hu)→ 0
where the lattices ΛL(L/K) and ΛS(pu/hu) are taken with respect to BL and BS, re-
spectively, the map ΛL(L/K) → ΛG(G/H) is given by the isomorphism X(BL) ≃ X(B)
induced by restricting characters from B to BL, and the map ΛG(G/H) → ΛS(pu/hu) is
given by restricting characters from B to BS.
It follows from Theorem 3.12 that the problem of computing the weight lattice for
G/H reduces to the same problem for the affine spherical homogeneous space L/K and
the spherical S-module pu/hu. In turn, the weight lattices (and even the weight monoids)
are known for all affine spherical homogeneous spaces and also for all spherical modules.
More precisely, there is a complete classification of all affine spherical homogeneous spaces
obtained in [Kra¨, Mik, Bri1], and the weight monoids for such spaces are known from [Kra¨,
Avd1]. Similarly, as was already discussed in § 3.5, there is a complete classification of
all spherical modules obtained in [Kac, BeRa, Lea], and the weight monoids for them are
known from [HoUm, Lea].
Throughout this paper, we shall work only with subgroups H satisfying L′ ⊂ K ⊂ L.
For such subgroups it is easy to see that S = K, in which case Theorem 3.12 takes the
following simpler form.
Proposition 3.13. Suppose that L′ ⊂ K ⊂ L. Then H is a spherical subgroup of G
if and only if pu/hu is a spherical K-module. Moreover, under these conditions one has
ΛG(G/H) = ι
−1(ΛK(pu/hu)) where the lattice ΛK(pu/hu) is taken with respect to BK and
ι : X(T )→ X(T ∩K) is the character restriction map.
3.7. Normalizers of spherical subgroups. Let H ⊂ G be a spherical subgroup.
Theorem 3.14 ([BrPa, Corollary 5.2]). The following assertions hold:
(a) The group NG(H)/H is diagonalizable.
(b) NG(H) = NG(H
0).
Corollary 3.15. Every unipotent element of NG(H) is contained in H.
In what follows, we put N = NG(H) for short.
Corollary 3.16. One has Nu = Hu.
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Proof. Clearly, N normalizes Hu, which implies Nu ⊃ Hu. Then Nu ⊂ H by Corol-
lary 3.15. Since H normalizes Nu, it follows that Nu = Hu. 
Corollary 3.17. Suppose that H is reductive. Then N is also reductive and N0 =
(ZG(H)H
′)0.
Proof. The group N is reductive by Corollary 3.16. Then (N0)′ = H ′ and hence N0 ⊂
ZG(H)H
′. On the other hand, ZG(H)H
′ ⊂ N . 
The next result follows essentially from [BrPa, § 5.4], see [AvCu, Lemma 4.25] for details.
Proposition 3.18. Let H˜ ⊂ G be a spherical subgroup satisfying H ⊂ H˜ ⊂ N . Then,
modulo the inclusion ΛG(G/H˜) →֒ ΛG(G/H), one has Q+ΣG(G/H˜) = Q+ΣG(G/H).
Now suppose that H is regularly embedded in a parabolic subgroup P ⊂ G and more-
over K ⊂ L for Levi subgroups K ⊂ H and L ⊂ P . The following proposition provides
an explicit description of the group N0.
Proposition 3.19. Suppose that H is connected and put A = ZL(K) ∩ NL(hu). Then
N0 = A0(K0)′ ⋌Hu.
Proof. Thanks to Theorem 3.14(b), it suffices to consider the case of connected H , in
which we need to prove that N0 = A0K ′⋌Hu. It is clear from the definition that A ⊂ N ,
hence A0K ′ ⋌ Hu ⊂ N
0. Next, we know from Corollary 3.16 that Nu = Hu. Let M be
a Levi subgroup of N0 such that M ⊃ K and let CM be the connected center of M . As
the group M ′ is generated by its unipotent subgroups, Corollary 3.15 implies M ′ ⊂ K
and M ′ = K ′, so that N0 = CMK
′
⋌Hu. By [Avd3, Proposition 3.26] we also know that
N0 is contained in P . It remains to show that CM ⊂ A
0K ′ ⋌ Hu. We shall prove the
stronger claim cM ⊂ a + hu. Take any element x ∈ cM and consider the decomposition
x = y + z where y ∈ l and z ∈ pu. Clearly, [x, k] = 0, hence [y, y
′] + [z, y′] = 0 for any
y′ ∈ k. Since [y, y′] ∈ l and [z, y′] ∈ pu, it follows that [y, y
′] = [z, y′] = 0. The latter means
that y ∈ zl(k) and 〈z〉 ⊂ pu is a trivial K
0-module. As pu/hu is a spherical K-module, it
is also spherical as a K0-module and therefore cannot contain a trivial one-dimensional
K0-submodule, hence z ∈ hu. It follows that y = x− z ∈ n and hence [y, hu] ⊂ hu, which
implies y ∈ a. Consequently, x ∈ a+ hu as required. 
Proposition 3.19 and Theorem 3.14(b) readily imply
Corollary 3.20. The following assertions hold:
(a) NG(N
0)0 = N0;
(b) NG(NG(N)) = NG(N).
3.8. Wonderful varieties and Demazure embeddings.
Definition 3.21. A smooth complete irreducible G-variety X is said to be wonderful of
rank r if the following conditions are satisfied:
(W1) X contains an open G-orbit whose complement is a union of G-stable prime divi-
sors D1, . . . , Dr (called the boundary divisors of X);
(W2) D1, . . . , Dr are smooth and have a non-empty transversal intersection;
(W3) for every two points x, x′ ∈ X, Gx = Gx′ if and only if {i | x ∈ Di} = {j | x
′ ∈
Dj}.
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It is known from [Lun2] that every wonderful G-variety is spherical.
Let X be a wonderful G-variety of rank r and let D1, . . . , Dr be its boundary divisors.
The definition implies that for every subset I ⊂ {1, . . . , r} the G-variety XI =
⋂
i∈I
Di is
a wonderful G-variety of rank r − |I|. In particular, for every i = 1, . . . , r the boundary
divisor Di is a wonderful G-variety of rank r−1. It follows from the general theory [Kno1,
§ 2] that for every wonderful G-variety X of rank r there is a bijection {1, . . . , r} → ΣX ,
i 7→ σi, such that for every subset I ⊂ {1, . . . , r} one has ΣXI = ΣX \ {σi | i ∈ I}. In
particular, for every i = 1, . . . , r one has ΣDi = ΣX \ {σi}.
An explicit construction of (some) wonderful G-varieties is given by Demazure embed-
dings introduced below.
Suppose that G is semisimple and let H ⊂ G be a spherical subgroup such that
NG(H) = H . Regard the Lie algebra h as a point of the Grassmannian Grdim h(g) and
let X be the closure in Grdim h(g) of the G-orbit of h. Then X is called the Demazure
embedding of the spherical homogeneous space G/H .
Theorem 3.22 ([Los2, Theorem 1.1]). The G-variety X is wonderful.
Remark 3.23. A weaker statement that the normalization of X is wonderful was obtained
in [Bri2, Theorem 1.4].
3.9. The general strategy for computing the set of spherical roots. Let H ⊂ G
be a spherical subgroup specified by a regular embedding in a parabolic subgroup P ⊂ G.
First of all, we compute the weight lattice ΛG(G/H) by using Theorem 3.12.
Next, we perform several reductions.
1. It follows from the definitions that the set ΣG(G/H) is uniquely determined by
the cone Q+ΣG(G/H) and the lattice ΛG(G/H). Consequently, for determining
the set ΣG(G/H) it suffices to compute the cone Q+ΣG(G/H).
2. As H ⊂ Z(G)H ⊂ NG(H), one has Q
+ΣG(G/H) = Q
+ΣG(G/(Z(G)H)) by
Proposition 3.18. Taking into account the isomorphism
G/(Z(G)H) ≃ (G/Z(G))/((Z(G)H)/Z(G)),
we may replace G with G/Z(G) and H with (Z(G)H)/Z(G) and assume that G
is semisimple.
3. Using Proposition 3.19, we compute explicitly the subgroup N0 = NG(H)
0. Then
Q+ΣG(G/H) = Q+ΣG(G/N0) by Proposition 3.18 (in particular, |ΣG(G/H)| =
|ΣG(G/N0)|) and NG(N0)
0 = N0 by Corollary 3.20(a). Proposition 3.1 yields
|ΣG(G/N0)| = rkΛG(G/N0), hence we get the number of spherical roots for H
at this step. Replacing H with N0 we may assume that H is connected and
NG(H)
0 = H .
In what follows we assume that G is semisimple, H is connected, NG(H)
0 = H , and we
need to compute the cone Q+ΣG(G/H). One more application of Proposition 3.18 yields
Q+ΣG(G/H) = Q+ΣG(G/NG(H)), hence it remains to compute the latter cone.
Let X be the closure of the G-orbit Gh in Grdim h(g). Corollary 3.20(b) asserts that
NG(NG(H)) = NG(H), hence X is the Demazure embedding of G/NG(H).
Now suppose we have found two subalgebras h1, h2 ⊂ g of dimension dim h such that
h1, h2 ∈ X and the two G-orbits Gh1, Gh2 are different and both have codimension 1
in X. Put Ni = NG(hi) for i = 1, 2. Then by the discussion in § 3.8 there are two
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distinct elements σ1, σ2 ∈ ΣG(G/NG(H)) such that ΣG(G/N1) = ΣG(G/NG(H)) \ {σ1}
and ΣG(G/N2) = ΣG(G/NG(H)) \ {σ2}. The latter immediately implies
ΣG(G/NG(H)) = ΣG(G/N1) ∪ ΣG(G/N2).
Since Q+ΣG(G/Ni) = Q+ΣGG(G/N0i ) for i = 1, 2 by Proposition 3.18, it follows that
Q+ΣG(G/NG(H)) = Q
+(ΣG(G/N
0
1 ) ∪ ΣG(G/N
0
2 )).
Consequently, we have reduced the problem of computing the set of spherical roots for H
to the same problem for two other subgroups N01 , N
0
2 such that the number of elements
in both subsets ΣG(G/N
0
1 ) and ΣG(G/N
0
2 ) is strictly less than the number of elements in
ΣG(G/H).
In all the cases considered in this paper, the subalgebras h1, h2 turn out to be spherical
in g, and so the two subgroups N01 and N
0
2 can be explicitly computed using Proposi-
tion 3.19.
Iterating the above-described procedure yields an algorithm that in a finite number of
steps leads to a finite number of spherical subgroups N˜1, . . . , N˜s ⊂ G such that for all
i = 1, . . . , s the following properties hold:
• NG(N˜i)
0 = N˜i;
• either the set ΣG(G/N˜i) is already known (for example, from previous works) or
|ΣG(G/N˜i)| = 1.
According to Proposition 3.1, in the case |ΣG(G/N˜i)| = 1 one has rkΛG(G/N˜i) = 1 and
the unique element in ΣG(G/N˜i) is the unique primitive element of ΛG(G/N˜i) expressed
as a nonnegative linear combination of simple roots.
4. Active C-roots and their properties
In this subsection, we obtain generalizations of the results in [Avd2, § 2.2] on the struc-
ture of strongly solvable spherical subgroups.
Let P ⊃ B− be a parabolic subgroup of G with standard Levi subgroup L and let
P+ ⊃ B be the parabolic subgroup of G opposite to P . Let C denote the connected
center of L and retain all the notation and terminology of § 2.2.
Suppose thatH ⊂ G is a spherical subgroup regularly embedded in P , that is, Hu ⊂ Pu.
Replacing H with a conjugate subgroup if necessary, we may assume that K = L ∩H is
a Levi subgroup of H .
From now on until the end of this paper, we shall additionally assume that L′ ⊂ K ⊂ L.
In this situation, K = D · L′ where D = C ∩K.
It will be convenient for us to work with the subspace h⊥ ⊂ g. We have
(4.1) h⊥ = pu ⊕ (d
⊥ ∩ c)⊕ (h⊥ ∩ p+u ).
Put u = h⊥∩p+u for short and note that u is a K-module in a natural way. Moreover, there
is a natural K-module isomorphism u ≃ (pu/hu)
∗. In particular, we obtain a K-module
isomorphism C[pu/hu] ≃ S(u). Recall from § 3.3 that pu/hu is a spherical K-module if
and only if the K-module S(u) is multiplicity free. The latter property will be extensively
used throughout this section.
Definition 4.1. An element µ ∈ Φ+ is said to be an active C-root if g(−µ) 6⊂ h.
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Let Ψ = Ψ(H) denote the set of active C-roots.
Definition 4.2. Two active C-roots λ, µ are said to be equivalent (notation: λ ∼ µ) if
there is a K-module isomorphism g(−λ) ≃ g(−µ) (or equivalently g(λ) ≃ g(µ)).
Clearly, this definition determines an equivalence relation on the set Ψ. Let Ψ˜ denote
the set of all equivalence classes for this relation. For every λ ∈ Ψ, let Ωλ ∈ Ψ˜ be the
equivalence class of λ.
As S(u) is a multiplicity-free K-module, so is u itself. Consequently, for every Ω ∈ Ψ˜
there exists a unique K-submodule u(Ω) ⊂ u isomorphic to g(λ) for all λ ∈ Ω. It follows
from the definitions that
(4.2) u =
⊕
Ω∈Ψ˜
u(Ω)
and the subspaces u(Ω) have the following properties:
(1) for every λ ∈ Ω the projection u(Ω)→ g(λ) is a K-module isomorphism;
(2) for every λ ∈ Φ+ \ Ω the projection u(Ω)→ g(λ) is zero.
For future reference, we mention the following decomposition obtained by combining (4.1)
and (4.2):
(4.3) h⊥ = pu ⊕ (d
⊥ ∩ c)⊕
⊕
Ω∈Ψ˜
u(Ω).
Lemma 4.3. Suppose that λ ∈ Ψ and λ = µ+ ν for some µ, ν ∈ Φ+. Then either µ ∈ Ψ
or ν ∈ Ψ.
Proof. This follows readily from [g(−µ), g(−ν)] = g(−λ). 
Lemma 4.4. Suppose that λ, µ, ν ∈ Ψ, λ = µ + ν, and µ ∼ ν. Then, as a K-module,
g(λ) is isomorphic to a submodule of ∧2g(µ).
Proof. It follows from Proposition 2.2(a) that g(λ) is isomorphic to a submodule of
g(µ) ⊗ g(µ) ≃ S2g(µ) ⊕ ∧2g(µ). If g(λ) were isomorphic to a submodule of S2g(µ) then
S(u) would contain a copy of g(λ) in u and another copy in S2(u), which is impossible as
S(u) is multiplicity free. Thus g(λ) is isomorphic to a submodule of ∧2g(µ). 
Lemma 4.5. Suppose that λ, µ, ν ∈ Ψ and λ = µ+ ν. Then
(a) µ ∼ ν;
(b) λ 6∼ µ.
Proof. (a) Assume that µ 6∼ ν. Then it follows from Proposition 2.2(a) that, as a K-
module, g(λ) is isomorphic to a submodule of g(µ)⊗g(ν), hence of S2(g(µ)⊕g(ν)), hence
of S2(u). Besides, the K-module u also contains a copy of g(λ). Consequently, S(u) is not
multiplicity free, a contradiction.
(b) Assume that λ ∼ µ. By part (a) we also have µ ∼ ν, hence there are K-module
isomorphisms g(λ) ≃ g(µ) ≃ g(ν). Then Lemma 4.4 implies that the K-module g(λ) is
isomorphic to a submodule of ∧2g(λ), which is impossible by Corollary 3.10. 
Proposition 4.6. Suppose that λ, µ ∈ Ψ and λ = µ+ ν for some ν ∈ Φ+ \Ψ. Then
(a) Ωµ + ν ⊂ Ωλ;
DEGENERATIONS OF SPHERICAL SUBALGEBRAS AND SPHERICAL ROOTS 17
(b) the subspace u(Ωµ) ⊂ p
+
u is uniquely determined by the subspace u(Ωλ).
Proof. As g(−ν) ⊂ h and h⊥ is (ad h)-stable, it follows that [u(Ωλ), g(−ν)] ⊂ h
⊥. Let
W denote the projection of [u(Ωλ), g(−ν)] to p
+ along pu. As pu ⊂ h
⊥ and ν /∈ Ωλ, one
has W ⊂ h⊥ ∩ p+u . Clearly, W projects nontrivially onto g(µ). Since W is isomorphic
to a submodule of u, it follows that W contains a unique submodule W (Ωµ) isomorphic
to g(µ). Then again by the multiplicity-freenes of u we necessarily obtain u(Ωµ) =W (Ωµ).
This implies both claims. 
Proposition 4.7. Suppose that λ, µ ∈ Ψ, λ 6= µ, and λ ∼ µ. Then λ− µ /∈ Φ.
Proof. Assume that ν = λ − µ ∈ Φ. Interchanging λ and µ if needed we may assume
ν ∈ Φ+. Then ν /∈ Ψ by Lemma 4.5(b). But in this case Proposition 4.6(a) yields
Ωµ + ν ⊂ Ωµ, which is impossible. 
Corollary 4.8. Suppose that λ, µ ∈ Ψ and λ ∼ µ. Then the angle between λ and µ is
non-acute.
Proof. If (λ, µ) > 0 then Proposition 2.3(b) implies λ− µ ∈ Φ, which contradicts Propo-
sition 4.7. Thus (λ, µ) ≤ 0 as required. 
Proposition 4.9. Suppose that λ, µ, ν ∈ Ψ and λ = µ+ ν. Then Ωµ = {µ} and µ = ν.
Proof. Lemma 4.5(a) yields µ ∼ ν hence it suffices to prove that Ωµ = {µ}. Assume the
converse and choose ρ ∈ Ωµ \ {µ} as follows:
• if µ 6= ν then put ρ = ν;
• if µ = ν then take ρ to be any element of Ωµ \ {µ}.
Note that λ 6∼ µ by Lemma 4.5(b), hence g(λ) and g(µ) are not isomorphic as K-modules.
Let L0 be the product of simple factors of L
′ that act nontrivially on at least one of
g(µ) and g(ρ). Let also α1, . . . , αk ∈ Π be the simple roots of L0. Let β, γ ∈ ∆
+ be the
lowest weights of the modules g(µ), g(ρ), respectively. Then (β, αi) ≤ 0 and (γ, αi) ≤ 0
for all i = 1, . . . , k. Put δ = β − γ. If δ ∈ ∆ then µ − ρ = δ ∈ Φ, which is impossible
by Proposition 4.7. Thus δ /∈ ∆ and so (β, µ) ≤ 0. Consequently, the angles between the
roots in the set E = {β, γ, α1, . . . , αk} are pairwise non-acute. Since E ⊂ ∆
+, it follows
that the roots in E are linearly independent and hence they form a system of positive
roots of some root system. Let DD(E) denote the Dynkin diagram of the set E.
By Lemma 4.4 the K-module g(λ) is isomorphic to a submodule of ∧2g(µ). Then
Proposition 3.11 leaves only the two cases considered below.
Case 1: L0 ≃ SLn (n ≥ 2) and there are L0-module isomorphisms g(µ) ≃ Cn and
g(λ) ≃ ∧2Cn. Then k = n− 1 and we let α1, . . . , αn−1 be the standard numbering of the
simple roots of SLn. We may also assume that (β, α1) < 0, (γ, α1) < 0 and (β, αi) = 0,
(γ, αi) = 0 for all i = 2, . . . , n − 1. Then in the diagram DD(E) the node corresponding
to α1 is joined by an edge with three other nodes corresponding to the roots α2, β, γ. It
follows that DD(E) is of type Dn+1. In particular, all the roots in E have the same length
and for any two roots δ1, δ2 ∈ E with (δ1, δ2) < 0 the angle between δ1 and δ2 is 2π/3.
We now show that g(2µ) = 0. Assume the converse and consider the L-equivariant
map ∧2g(µ) → g(2µ). Since g(µ) ≃ Cn as an L0-module, the module ∧2g(µ) ≃ ∧2Cn is
irreducible, hence we necessarily have g(2µ) ≃ ∧2Cn as L0-modules. Clearly, the set of
T -weights of g(µ) is
(4.4) {β, β + α1, β + α1 + α2, . . . , β + α1 + . . .+ αn−1}.
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It follows that the set of T -weights of g(2µ) consists of all sums ω1+ω2 with ω1, ω2 being
distinct elements of the set (4.4). In particular, one of these weights is 2β + α1, which
implies 2β + α1 ∈ ∆
+. It is then easy to see that the roots β and 2β + α1 generate a
root subsystem of ∆ of type G2, which is impossible because the set E is contained in an
irreducible root subsystem of ∆ of rank > 2. Thus g(2µ) = 0. Similarly, g(2ρ) = 0. In
particular, we find that µ 6= ν, hence ρ = ν and λ = µ+ ρ.
As g(λ) is isomorphic to a K-submodule of ∧2g(µ), as above we obtain an L0-module
isomorphism g(λ) ≃ ∧2Cn. Choose a lowest-weight vector v1 ∈ Cn and put v2 = eα1 · v1.
Fix an L0-module isomorphism ϕµ : Cn
∼
−→ g(µ) and put x1 = ϕµ(v1), x2 = ϕµ(v2).
Similarly, fix an L0-module isomorphism ϕρ : C
n ∼−→ g(ρ) and put y1 = ϕρ(v1), y2 = ϕρ(v2).
Then the natural map g(µ)× g(ν) → g(λ), (x, y) 7→ [x, y], induces a chain of L0-module
homomorphisms
g(µ)⊗ g(ρ)
ϕµ⊗ϕρ
−−−−→ Cn ⊗ Cn → ∧2Cn
ψ
−→ g(λ)
where the middle arrow is the natural projection and ψ is an isomorphism. It is easy to
see that the image of the element x1⊗ y2−x2⊗ y1 ∈ g(µ)⊗g(ρ) under the first two maps
equals v1 ⊗ v2 − v2 ⊗ v1 6= 0, hence [x1, y2]− [x2, y1] 6= 0.
Now consider the K-module W = (g(µ)⊕ g(ρ)) ∩ h. As µ, ρ ∈ Ψ and µ ∼ ρ, there is a
K-module isomorphism W ≃ g(µ) and W projects nontrivially to both g(µ) and g(ρ). It
follows thatW has a lowest-weight vector of the form z1 = x1+ay1 for some a ∈ C×. Then
z2 = [eα1 , z1] = x2 + ay2 ∈ W . Since g(2µ) = g(2ρ) = 0, it follows that [W,W ] ⊂ g(λ).
Next, [z1, z2] = [x1 + ay1, x2 + ay2] = a[x1, y2] + a[y1, x2] = a([x1, y2]− [x2, y1]) 6= 0, hence
[W,W ] 6= 0. Since g(λ) is irreducible as a K-module, it follows that [W,W ] = g(λ), which
implies g(λ) ⊂ h and λ /∈ Ψ, a contradiction.
Case 2: L0 ≃ Sp2n (n ≥ 2) and there are L0-module isomorphisms g(µ) ≃ C
2n and
g(λ) ≃ C1. Then k = n and we let α1, . . . , αn be the standard numbering of the simple
roots of Sp2n. Clearly, (β, α1) < 0, (γ, α1) < 0 and (β, αi) = 0, (γ, αi) = 0 for all
i = 2, . . . , n, hence the diagram DD(E) has the following two properties:
• the nodes corresponding to αn−1, αn are joined by a double edge;
• the node corresponding to α1 is joined by an edge with the three nodes corre-
sponding to α2, β, and γ.
It is well known that these two conditions cannot hold simultaneously. 
Corollary 4.10. Suppose that λ ∈ Ψ, |Ωλ| ≥ 2, and λ + µ ∈ Ψ for some µ ∈ Φ
+. Then
µ /∈ Ψ.
We now introduce the following notation:
Ψ0 = {λ ∈ Ψ | |Ωλ| ≥ 2},
Ψmax0 = {λ ∈ Ψ0 | ∄µ ∈ Φ
+ with λ+ µ ∈ Ψ},
Ψ˜0 = {Ω ∈ Ψ˜ | Ω ⊂ Ψ0},
Ψ˜max0 = {Ω ∈ Ψ˜ | Ω ⊂ Ψ
max
0 }.
The following observations are implied by the above definitions, Corollary 4.10, and
Proposition 4.6(a).
Remark 4.11. (a) One has Ψmax0 =
⋃
Ω∈Ψ˜max
0
Ω.
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(b) For every Ω ∈ Ψ˜0 \ Ψ˜
max
0 there exist µ1, . . . , µm ∈ Φ
+ and Ω1, . . . ,Ωm ∈ Ψ˜0 such
that Ω + µ1 + . . .+ µj ⊂ Ωj for all j = 1, . . . , m and Ωm ∈ Ψ˜
max
0 .
(c) As a particular case of (b), for every Ω ∈ Ψ˜0 there exist θ ∈ Z+Φ+ and Ω′ ∈ Ψ˜max0
such that Ω + θ ⊂ Ω′.
Lemma 4.12. The angles between the C-roots in Ψmax0 are pairwise non-acute, and these
C-roots are linearly independent.
Proof. Assume that (λ, µ) > 0 for two distinct elements λ, µ ∈ Ψmax0 . Then λ − µ ∈ Φ
by Proposition 2.3(b), which contradicts the definition of Ψmax0 . Since all the C-roots in
Ψmax0 are contained in an open half-space of QX(C), they are linearly independent. 
Proposition 4.13. Up to conjugation by an element of C, H is uniquely determined by
the pair (K,Ψ).
Proof. The equivalence relation on Ψ is recovered from its definition: λ ∼ µ if and only
if g(λ) ≃ g(µ) as K-modules. In view of decomposition (4.3) it now suffices to show that
for every Ω ∈ Ψ˜ the subspace u(Ω) ⊂ p+u is uniquely determined up to conjugation by
an element of C. If |Ω| = 1 and Ω = {λ} then u(Ω) = g(λ). If |Ω| ≥ 2 then Ω ∈ Ψ˜0.
Combining Remark 4.11 with Proposition 4.6(b) we see that all the K-modules u(Ω) with
Ω ∈ Ψ˜0 are uniquely determined by the K-modules u(Ω) with Ω ∈ Ψ˜
max
0 . For every
λ ∈ Ψmax0 , fix a highest-weight vector vλ in g(λ). Then for every Ω ∈ Ψ˜
max
0 a highest-
weight vector of u(Ω) has the form
∑
λ∈Ω
aλvλ where aλ ∈ C×. Since the set Ψmax0 is linearly
independent (see Lemma 4.12), conjugating h by an appropriate element of C we may
reach the situation where aλ = 1 for all λ ∈ Ψ
max
0 . 
5. Applications to computing the set of spherical roots
Retain all the notation of § 4 and recall that we work with spherical subgroups H
satisfying L′ ⊂ K ⊂ L. In this section, for such subgroups H we implement the general
strategy from § 3.9 for computing the set of spherical roots.
Throughout this section, we use the following additional notation:
• for every λ ∈ Φ the symbol λ̂ stands for the highest weight of the L-module g(λ);
• for every δ ∈ ∆ the symbol δ denotes the image of δ under the restriction map
X(T )→ X(C).
5.1. Outline. Thanks to one of the reductions described in § 3.9, computing the set of
spherical roots of H easily reduces to the case of semisimple G. Having this in mind,
throughout the whole section we assume that G is semisimple.
For a given spherical subgroup H , to implement one iteration of the general strategy
from § 3.9, we go through the following steps:
(1) compute the subgroupNG(H)
0 using Proposition 3.19 and replaceH withNG(H)
0;
(2) present a collection of one-parameter degenerations of the algebra h inside g such
that for every such degeneration h˜ ⊂ g the G-orbits Gh, Gh˜ ⊂ Grdim h(g) satisfy
dimGh = dimGh˜+ 1;
(3) show that for any two different one-parameter degenerations h˜1, h˜2 from the above
collection the G-orbits Gh˜1, Gh˜2 ⊂ Grdim h(g) are different.
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Depending on the structure of H , we consider two different types of one-parameter
degenerations of h, namely, degenerations via the multiplicative group (C×,×) and via the
additive group (C,+); we call themmultiplicative and additive degenerations, respectively.
Multiplicative degenerations (see § 5.3) apply in the situation Ψ0 6= ∅, they are in bi-
jection with the set Ψmax0 . The construction of such degenerations involves one-parameter
subgroups of C.
Additive degenerations (see § 5.4) apply in the situation Ψ0 = ∅, Ψ 6= ∅, they are in
bijection with the set Ψ. The construction of such degenerations involves one-parameter
root unipotent subgroups of B−.
It is easy to see that, to perform step (3), for Ψ0 6= ∅ there are always at least two
different multiplicative degenerations and for Ψ0 = ∅, Ψ 6= ∅ one can find two different
additive degenerations unless |Ψ| = 1. We call the cases with |Ψ| = 1 primitive and classify
them all in § 5.5. Moreover, it turns out that for all primitive cases the corresponding sets
of spherical roots are already known, which completes the algorithm for computing the
set of spherical roots for spherical subgroups H with L′ ⊂ K ⊂ L.
Finally, in § 5.6 we present several examples.
5.2. Description of the group NG(H)
0. We fix P, L,H,K as before.
As ZL(K)
0 = C, Proposition 3.19 yields NG(H)
0 = A0K ′⋌Hu where A = (C∩NG(Hu)).
In particular, if Ψ0 = ∅ then A = C and NG(H)0 = L⋌Hu. To describe A in the general
case, consider the lattice
Ξ = Z{µ− ν | µ, ν ∈ Ψmax0 and µ ∼ ν} ⊂ X(C)
and put Ξsat = QΞ ∩ X(C). The following lemma determines A and A0.
Lemma 5.1. The following assertions hold.
(a) Ξ = Z{µ− ν | µ, ν ∈ Ψ and µ ∼ ν}.
(b) The group A (resp. A0) is the common kernel of all characters in Ξ (resp. Ξsat).
Proof. (a) This follows from Remark 4.11(c).
(b) The assertion for A follows from the definition of A and part (a). The assertion for
A0 follows from that for A. 
In what follows we assume that NG(H)
0 = H . In particular, this implies that K is
connected and D is the common kernel of all characters in Ξsat. We also let X denote
the closure of the G-orbit Gh in Grdim h(g), so that X is the Demazure embedding of
G/NG(H).
5.3. Multiplicative degenerations. This type of degenerations applies to the situation
Ψ0 6= ∅. The construction of such a degeneration depends on the choice of an active C-
root λ ∈ Ψmax0 , which is assumed to be fixed throughout this subsection.
According to Remark 4.11(c), for every Ω ∈ Ψ˜0 we fix a choice of θΩ ∈ Z
+Φ+ and
Ω′ ∈ Ψ˜max0 such that Ω + θΩ ⊂ Ω
′. In this situation, we say that Ω is of type 1 if
λ /∈ Ω + θΩ and of type 2 otherwise. We now put Ψ˜1 = {Ω ∈ Ψ˜0 | Ω is of type 1} and
Ψ˜2 = {Ω ∈ Ψ˜0 | Ω is of type 2}. For every Ω ∈ Ψ˜ we put
Ω =
{
Ω if Ω /∈ Ψ˜0 or Ω ∈ Ψ˜1;
Ω \ {λ− θΩ} if Ω ∈ Ψ˜2.
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Recall from Lemma 4.12 that the C-roots in Ψmax0 are linearly independent. Then we
can choose an element ̺ ∈ HomZ(X(C),Z) such that ̺(λ) > 0 and ̺(λ′) = 0 for all
λ′ ∈ Ψmax0 \{λ}. Let φ : C
× → C be the one-parameter subgroup of C corresponding to ̺,
that is, χ(φ(t)) = t̺(χ) for all χ ∈ X(C) and t ∈ C×.
For every t ∈ C×, we put ht = φ(t)h. According to Proposition 2.4(a), there exists
lim
t→0
ht, we denote it by h0. In what follows, h0 is referred to as the multiplicative degener-
ation of h defined by λ.
Proposition 5.2. There is a decomposition
(5.1) h⊥0 = pu ⊕ (d
⊥ ∩ c)⊕
⊕
Ω∈Ψ˜
u0(Ω)
where for any Ω ∈ Ψ˜ the subspace u0(Ω) is a K-module that projects isomorphically onto
each g(µ) with µ ∈ Ω and projects trivially to each g(µ) with µ ∈ Φ+ \ Ω. In particular,
for every Ω ∈ Ψ˜ there is a K-module isomorphism u0(Ω) ≃ u(Ω).
Proof. Observe that h⊥0 = lim
t→0
h⊥t . Clearly, the first two summands of decomposition (4.3)
are φ(t)-stable, hence
h⊥t = pu ⊕ (d
⊥ ∩ c)⊕
⊕
Ω∈Ψ˜
ut(Ω)
where ut(Ω) = φ(t)u(Ω) for all Ω ∈ Ψ˜ and t ∈ C×. For every Ω ∈ Ψ˜, put u0(Ω) = lim
t→0
ut(Ω),
this limit exists by Proposition 2.4(a). Since each u(Ω) projects nontrivially only to the
subspaces g(λ) with λ ∈ Ω, it follows that u0(Ω) ⊂
⊕
λ∈Ω
g(λ), which readily implies (5.1).
It is easy to see that for Ω /∈ Ψ˜2 the subspace u(Ω) is φ(t)-stable, hence u0(Ω) = u(Ω).
It remains to consider the case Ω ∈ Ψ˜2. Recall θΩ ∈ Z+Φ+ and Ω′ ∈ Ψ˜max0 such that
Ω + θΩ ⊂ Ω
′. Put µ0 = λ− θΩ ∈ Ω, so that Ω \ {µ0} = Ω. Fix a basis E(Ω) in u(Ω). For
every v ∈ E(Ω) and every µ ∈ Ω, let vµ be the projection of v to g(µ), so that v =
∑
µ∈Ω
vµ.
Then for every v ∈ E(Ω) one has φ(t)v =
∑
µ∈Ω
t̺(µ)vµ. Multiplying this vector by t
̺(θΩ), we
obtain
t̺(θΩ)φ(t)v =
∑
µ∈Ω
t̺(µ+θΩ)vµ = t
̺(λ)vµ0 +
∑
µ∈Ω
vµ.
Now observe the following:
• the set {t̺(θΩ)φ(t)v | v ∈ E(Ω)} is a basis of ut(Ω) for all t ∈ C
×;
• for every v ∈ E(Ω) the limit lim
t→0
(t̺(θΩ)φ(t)v) exists and equals l(v) =
∑
µ∈Ω
vµ;
• the set E0(Ω) = {l(v) | v ∈ E(Ω)} is linearly independent.
It follows from the above observations that E0(Ω) is a basis of u0(Ω), which implies the
required property of u0(Ω). 
Let H0 ⊂ G be the connected subgroup with Lie algebra h0. Then decomposition (5.1)
implies the following result.
Theorem 5.3. The following assertions hold.
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(a) The subgroup H0 is regularly embedded in P and K is a Levi subgroup of H0.
(b) There is a K-module isomorphism pu/(h0)u ≃ pu/hu. In particular, H0 is spherical
in G.
(c) One has Ψ(H0) =
⋃
Ω∈Ψ˜
Ω. Moreover, Ψ˜(H0) = {Ω | Ω ∈ Ψ˜}.
Now put N = NG(H0)
0 for short. From Proposition 3.19 we know that N = D0K
′
⋌Hu
for some connected subgroup D0 ⊂ C. To describe D0 more precisely, we consider the
following sublattices of X(C):
Ξ0 = Z{µ− ν | µ, ν ∈ Ψ
max
0 \ {λ} and µ ∼ ν} ⊂ X(C),
Ξsat0 = QΞ0 ∩ X(C).
The following lemma is obtained similarly to Lemma 5.1.
Lemma 5.4. The following assertions hold.
(a) Ξ0 = Z{µ − ν | µ, ν ∈ Ψ(H0) and µ ∼ ν}.
(b) The group D0 is the common kernel of all characters in Ξ
sat
0 .
Put K0 = D0 · L
′, this is a Levi subgroup of N .
Let ι : X(T )→ X(T ∩K) and ι0 : X(T )→ X(T ∩K0) be the character restriction maps.
Put u0 =
⊕
Ω∈Ψ˜
u0(Ω) and note the K-module isomorphism u
∗
0 ≃ pu/(h0)u.
Theorem 5.5. The following assertions hold.
(a) dimGh0 = dimGh− 1.
(b) QΛ(G/N) ∩ {µ̂ | µ ∈ Ψ} = {µ̂ | µ ∈ Ψ(H0)}. In particular, λ̂ /∈ QΛ(G/N) and
µ̂ ∈ QΛ(G/N) for all µ ∈ Ψmax0 \ {λ}.
Proof. (a) Note that Ξ = Ξ0⊕Z(µ−λ) for every µ ∈ Ωλ \{λ}. Then dimD0−dimD = 1
and thus dimN − dimH = 1 as required.
(b) Recall from Proposition 5.2 that u ≃ u0 as K-modules. For every Ω ∈ Ψ˜ fix an
element νΩ ∈ Ω. By Proposition 3.4, {ι0(ν̂Ω) | Ω ∈ Ψ˜} ⊂ FK0(u
∗
0) and {ι(ν̂Ω) | Ω ∈ Ψ˜} ⊂
FK(u
∗
0). Choose a subset I ⊂ X(T ) such that {ν̂Ω | Ω ∈ Ψ˜} ⊂ I and ι0|I is a bijection
onto FK0(u
∗
0). As K ⊂ K0, one has ι = ι ◦ ι0, therefore ι|I is a bijection onto FK(u
∗
0) in
view of Remark 3.5. Now consider the following two sublattices of X(T ):
Ξ̂ = Z{µ̂− ν̂ | µ, ν ∈ Ψmax0 and µ ∼ ν},
Ξ̂0 = Z{µ̂− ν̂ | µ, ν ∈ Ψ
max
0 \ {λ} and µ ∼ ν}.
Clearly, the restriction of Ξ̂ (resp. Ξ̂0) to C is Ξ (resp. Ξ0) and the restrictions of both Ξ̂,
Ξ̂0 to T ∩ L
′ are trivial, which implies
QKer ι = QΞ̂,(5.2)
QKer ι0 = QΞ̂0.(5.3)
Then by Proposition 3.13 we obtain
QΛG(G/H) = QΞ̂⊕QI,(5.4)
QΛG(G/N) = QΞ̂0 ⊕QI.(5.5)
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Now take any µ ∈ Ψ(H0). Then µ− νΩµ ∈ Ξ0 by Lemma 5.4(a), hence µ̂− ν̂Ωµ ∈ Ker ι0.
As ν̂Ωµ ∈ I, formulas (5.5) and (5.3) imply µ̂ ∈ QΛG(G/N). Next take any µ ∈ Ψ\Ψ(H0).
Then µ + θΩµ = λ and the element ν = νΩµ + θΩµ belongs to Ωλ, hence the definitions
of Ξ̂ and Ξ̂0 imply Ξ̂ = Ξ̂0 ⊕ Z(λ̂ − ν̂). Now observe that the restrictions of λ̂ − ν̂ and
µ̂− ν̂Ωµ to both C and T ∩ L
′ coincide, hence λ̂− ν̂ = µ̂− ν̂Ωµ and Ξ̂ = Ξ̂0 ⊕ Z(µ̂− ν̂Ωµ).
Comparing this with (5.4) and (5.5) we find that QΛG(G/H) = QΛG(G/N)⊕Q(µ̂− ν̂Ωµ).
Since ν̂Ωµ ∈ I ⊂ QΛG(G/N), it follows that µ /∈ QΛG(G/N). 
Corollary 5.6. For different choices of λ ∈ Ψmax, the resulting algebras h0 belong to
different G-orbits of codimension 1 in X.
5.4. Additive degenerations. We begin with an auxiliary result.
Consider the Lie algebra sl2 with canonical basis {e, h, f}, so that [e, f ] = h, [h, e] = 2e,
and [h, f ] = −2f . Let V be a simple sl2-module with highest weight p ∈ Z+. Fix a
basis {vp−2i | i = 0, . . . , p} of V such that h · vp−2i = (p − 2i)vp−2i for all i = 0, . . . , p,
f · vp−2i = vp−2i−2 for all i = 0, . . . , p− 1, and f · v−p = 0.
Consider the one-parameter unipotent subgroup φ : C → GL(V ) given by φ(t) =
exp(tf).
Let U ⊂ V be an h-stable subspace with dimU = k.
Proposition 5.7. The limit lim
t→∞
φ(t)U exists and equals 〈v−p+2i | i = 0, . . . , k − 1〉.
Proof. According to Proposition 2.4(b), the limit lim
t→∞
φ(t)U exists and is a subspace of V
that is φ(t)-stable, hence f -stable. It remains to observe that 〈v−p+2i | i = 0, . . . , k − 1〉
is the only f -stable k-dimensional subspace of V . 
Below in this subsection, we shall use the following convention about terminology: if
U = 〈vn0 , . . . , vnk−1〉 with n0 < . . . < nk−1 then we say that 〈vni〉 shifts to 〈v−p+2i〉 under
the degeneration.
We now turn to additive degenerations of the algebra h. This type of degenerations
applies to the situation Ψ0 = ∅ and Ψ 6= ∅, which is assumed throughout this sub-
section. As NG(H)
0 = H , one has K = L according to the discussion in § 5.2. Then
decomposition (4.3) takes the form
(5.6) h⊥ = pu ⊕
⊕
λ∈Ψ
g(λ).
The construction of an additive degeneration depends on the choice of an active C-root
λ ∈ Ψ, which is assumed to be fixed throughout this subsection.
Put δ = λ̂ and let s(δ) ≃ sl2 be the subalgebra of g spanned by eδ, hδ, and e−δ. Consider
the one-parameter unipotent subgroup φ : C → G given by φ(t) = exp(te−δ). For every
t ∈ C, we put ht = φ(t)h. According to Proposition 2.4(b), there exists lim
t→∞
ht, we denote
it by h∞. In what follows, h∞ is referred to as the additive degeneration of h defined by λ.
Note that h⊥t = φ(t)h
⊥ and h⊥∞ = lim
t→∞
h⊥t .
To describe the subalgebra h∞, we introduce the set
Y (δ) = {α ∈ ∆ | (δ, α) ≥ 0 and α + δ /∈ ∆}.
For every α ∈ Y (δ), let V (α) ⊂ g be the s(δ)-submodule generated by eα. The following
properties of V (α) are straightforward:
24 ROMAN AVDEEV
• V (α) is a simple s(δ)-module with highest weight δ∨(α);
• eα is a highest-weight vector of V (α);
• V (α) is T -stable.
Then there is the following decomposition of g into a direct sum of s(δ)-submodules:
(5.7) g = (h⊥δ ∩ t)⊕
⊕
α∈Y (δ)
V (α).
Comparing this with (5.6) we find that
(5.8) h⊥ =
⊕
α∈Y (δ)
(h⊥ ∩ V (α)).
For every α ∈ Y (δ) the subspace h⊥ ∩ V (α) ⊂ V (α) is hδ-stable, therefore by Propo-
sition 5.7 there exists lim
t→∞
(h⊥t ∩ V (α)), which we shall denote by (h
⊥ ∩ V (α))∞. Then
decompositions (5.7) and (5.8) imply
Proposition 5.8. There is the decomposition
h⊥∞ =
⊕
α∈Y (δ)
(h⊥ ∩ V (α))∞.
To state the main properties of h∞, we apply the construction of § 3.4 with G = L,
V = u, and ω = δ.
Put Q = {g ∈ L | Ad(g)gδ = gδ}, this is a parabolic subgroup of L containing BL. Let
Q− ⊃ B− ∩L be the parabolic subgroup of L opposite to Q. Let M be the standard Levi
subgroup of Q and letM0 be the stabilizer of eδ inM . Put∆
+
L(δ) = {α ∈ ∆
+
L | (α, δ) > 0},
so that ∆+L(δ) = ∆
+
L \∆
+
M . Regard the element e−δ as a linear function on u via the fixed
G-invariant inner product on g. Put u˜ = {x ∈ u | (que−δ)(x) = 0} and u0 = u˜ ∩ Ker e−δ.
Note that
u0 =
⊕
α∈∆+ : α∈Ψ,
δ−α/∈∆+
L
(δ)∪{0}
gα.
Then there is the decomposition u = gδ ⊕ (q
−
u gδ)⊕ u0 into a direct sum of M-modules.
We consider the decomposition h⊥∞ = (h
⊥
∞∩pu)⊕(h
⊥
∞∩l)⊕(h
⊥
∞∩p
+
u ). Put u∞ = h
⊥
∞∩p
+
u
for short.
Proposition 5.9. The following assertions hold.
(a) h⊥∞ ∩ pu = pu.
(b) h⊥∞ ∩ l = q
−
u ⊕ 〈hδ〉.
(c) The subspace u∞ is M-stable and there is an M0-module isomorphism u0 ≃ u∞.
Moreover, under this isomorphism each highest-weight vector in u0 of M-weight α
corresponds to a highest-weight vector in u∞ ofM-weight α−kαδ for some kα ∈ Z+.
Proof. (a) Since [g−δ, pu] ⊂ pu, it follows that every root subspace gα ⊂ pu is shifted to
itself under the degeneration, which implies the claim.
(b) Observe that δ ∈ Y (δ), V (δ) = s(δ), and V (δ) ∩ h⊥ = g−δ ⊕ gδ, which yields
V (δ) ∩ h⊥∞ = g−δ ⊕ 〈hδ〉. As s(δ) acts trivially on h
⊥
δ ∩ t, one has h
⊥
∞ ∩ t = 〈hδ〉. Now
take any α ∈ ∆L. If (α, δ) ≥ 0 then [gα, gδ] = 0 since δ is the highest weight of g(λ).
Consequently, α + δ /∈ ∆+ and hence no root subspace in h⊥ shifts to gα under the
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degeneration. If (α, δ) < 0 then gα ⊂ q
−
u , δ + α ∈ ∆, and gδ+α ⊂ q
−
u gδ ⊂ g(λ) ⊂ u. Since
[g−δ, gα] ⊂ pu, it follows that gδ+α shifts to gα under the degeneration. The claim follows.
(c) The above discussion also implies that for every α ∈ ∆+ with gα ⊂ u0 the subspace
gα shifts to some root subspace in p
+
u under the degeneration. Let α ∈ ∆
+ be the highest
weight of a simple M-submodule u0(α) ⊂ u0 and let k ∈ Z+ be such that gα shifts to
gα−kδ. Choose β ∈ Y (δ) such that gα ⊂ V (β). Note that the subalgebras m0 and s(δ)
commute, therefore the element eβ is a highest-weight vector of an (m0 ⊕ s(δ))-module
W ⊂ g isomorphic to u0(α) ⊗ V (β). Note that u0(α) ⊂ W , gα−kδ ⊂ W , and eα−kδ is a
highest-weight vector of a simpleM0-submodule u0(α−kδ) ⊂W . Since h
⊥ isM0-stable, it
follows that for every γ ∈ ∆+ with gγ ⊂ u0(α) the subspace gγ shifts to gγ−kδ ∈ u0(α−kδ)
under the degeneration, which implies all the claims. 
Put R = Q− ⋌ Pu, then R is a standard parabolic subgroup of G containing B
− and
having M as a Levi subgroup. Let H∞ ⊂ G be the connected subgroup with Lie algebra
h∞ and consider the subgroup N = NG(H∞)
0.
Theorem 5.10. The following assertions hold.
(a) The subgroup H∞ is regularly embedded in R, M0 is a Levi subgroup of H∞, and
ru/(h∞)u ≃ u∞ as M0-modules.
(b) The subgroup H∞ is spherical in G.
(c) N =M ⋌ (H∞)u.
(d) dimGh∞ = dimGh− 1.
(e) QΛG(G/H) = QΛG(G/N)⊕Qδ. In particular, δ /∈ QΛG(G/H).
Proof. (a) This follows directly from Proposition 5.9.
(b) Since u is a spherical L-module, it follows from Theorem 3.7(a) and Remark 3.8
that ru/(h∞)u is a spherical M0-module, and so H∞ is a spherical subgroup of G by
Proposition 3.13.
(c) This is implied by Proposition 3.19 because (h∞)u is normalized by T .
(d) Part (c) yields dimN − dimH = 1, which is equivalent to the required equality.
(e) Proposition 3.13 implies ΛG(G/H) = ΛL(u
∗) and similarly ΛG(G/N) = ΛM(u
∗
∞).
Next, one has ΛL(u
∗) = ΛM(u˜
∗) by Theorem 3.7(b). In view of the decomposition
u˜ = gδ ⊕ u0 we obtain ΛM(u˜
∗) = Zδ ⊕ ΛM(u
∗
0). Combining Proposition 5.9(c) with
Proposition 3.4 we find that there is a bijection FM(u
∗
0) → FM(u
∗
∞) taking each element
α to α − kαδ for some kα ∈ Z+. It remains to notice that ΛM(u∗0) = ZFM(u
∗
0) and
ΛM(u
∗
∞) = ZFM (u
∗
∞) by Proposition 3.2. 
The objects h∞, N, . . . defined above depend on the initial choice of an active C-root
λ ∈ Ψ. To emphasize this dependence, we shall write h∞(λ), N(λ), . . .. Now choose two
different active C-roots λ1, λ2 ∈ Ψ and put δ1 = λ̂1, δ2 = λ̂2.
Proposition 5.11. The algebras h∞(λ1) and h∞(λ2) belong to different G-orbits of codi-
mension 1 in X.
Proof. We shall establish the claim by showing that
(5.9) QΛG(G/N(λ1)) 6= QΛG(G/N(λ2)).
From Theorem 5.10(e) we know that δi /∈ QΛG(G/N(λi)) for i = 1, 2. According to
Proposition 5.9(c) there exist non-negative integers k1, k2 such that δ
′
2 = δ2 − k1δ1 is a
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highest weight of the M(δ1)-module u∞(δ1) and δ
′
1 = δ1 − k2δ2 is a highest weight of
the M(δ2)-module u∞(δ2). Then δ
′
2 ∈ ΛG(G/N(λ1)) and δ
′
1 ∈ ΛG(G/N(λ2)) by Propo-
sitions 3.2 and 3.4. If k1 = 0 then we obtain δ2 ∈ ΛG(G/N(λ1)), which yields (5.9).
Similarly, (5.9) follows if k2 = 0. Now assume k1 > 0, k2 > 0. Observe that δ
′
1, δ
′
2 ∈ ∆
+,
then δ′1+δ
′
2 ∈ Z
+∆+\{0}. On the other hand, δ′1+δ
′
2 = −(k1−1)δ1−(k2−1)δ2 ∈ −Z
+∆+,
a contradiction. 
5.5. Primitive cases. Here we investigate the case when |Ψ| = 1, so that Ψ = {λ} for
some λ ∈ Φ+. Let α ∈ ∆+ be such that −α is the highest weight of the L-module g(−λ).
Lemma 5.12. α ∈ Π.
Proof. Assume that α = β + γ for some β, γ ∈ ∆+. Then α = β + γ. Since −α is a
highest weight of g(−α), one has β, γ /∈ ∆+L and so β, γ ∈ Φ
+. Then one of β, γ must be
an active C-root by Lemma 4.3, a contradiction. Thus α ∈ Π. 
LetM0 ⊂ L be the standard Levi subgroup ofG such thatM
′
0 is the product of all simple
factors of L′ that act nontrivially on g(−α). Let M ⊃M0 be the standard Levi subgroup
of G such that ΠM = ΠM0 ∪ {α}. Note that M
′ is a simple group. Then g(−α) ⊂ m
and therefore the homogeneous space G/H is a parabolic induction of the homogeneous
space M/(H ∩M), which implies Σ(G/H) = Σ(M/(H ∩M)) by Proposition 3.3. Now
observe that M ′ acts transitively on M/(H ∩M), so that M/(H ∩M) ≃ M ′/(H ∩M ′).
We finally obtain Σ(G/H) = Σ(M ′/(H ∩M ′)).
Replacing G with M ′ and H with H ∩M ′ we fall into the following situation:
(P1) G is a simple group;
(P2) H is regularly embedded in a maximal parabolic subgroup P ⊃ B− with standard
Levi subgroup L such that ΠL = Π \ {α};
(P3) H = L⋌ P ′u.
All spherical homogeneous spaces G/H satisfying the above properties are classified in
the following theorem, which also provides the corresponding set of spherical roots in each
case.
Theorem 5.13. Suppose that G is a simple group, α ∈ Π, and H ⊂ G is a subgroup such
that conditions (P1)–(P3) are satisfied. Then
(a) H is a spherical subgroup of G if and only if, up to an automorphism of the Dynkin
diagram of G, the pair (g, α) appears in Table 2;
(b) For each pair (g, α) listed in Table 2 the set Σ(G/H) is given in the fifth column
of that table.
In Table 2, the symbols R(λ) and ̟i have the same meaning as in Table 1.
Remark 5.14. For convenience of the reader, for each pair (g, α) in Table 2 we also included
the information on the L′-module structure of g(−α) (up to equivalence) as well as the
value of rank of g(−α) as a spherical L-module. (This rank equals the cardinality of the
set Σ(G/H).)
Proof of Theorem 5.13. (a) Suppose that the pair (g, α) is fixed. Taking into account the
L-module isomorphism pu/hu ≃ g(−α) and applying Proposition 3.13, we find that H is
spherical if and only if g(−α) is a spherical L-module. Clearly, C acts on g(−α) via the
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Table 2.
No. (g, α) (L′, g(−α)) rk Σ(G/H) Note
1∗ (sln, αk) (SLk×SLn−k,C
k⊗Cn−k) k
αi+αn−i for 1≤i≤k−1,
αk+ . . .+αn−k
n≥2,
k≤n/2
2 (sp2n, α1) (Sp2n−2,C
2n−2) 1 α1+2(
∑n−1
i=2 αi)+αn n≥2
3 (sp2n, α2) (SL2×Sp2n−4,C
2⊗C2n−4) 3
α1+α3, α2,
α3+2(
∑n−1
i=4 αi)+αn
n≥4
4 (sp2n, α3) (SL3×Sp2n−6,C
3⊗C2n−6) 6
α1, α2, α3, α4, α5,
α5+2(
∑n−1
i=6 αi)+αn
n≥6
5 (sp10, α3) (SL3×Sp4,C
3⊗C4) 5 α1, α2, α3, α4, α5
6 (sp2n, αn−2) (SLn−2×Sp4,C
n−2⊗C4) 6
α1, α2, α3, αn−1, αn,
α4+ . . .+αn−2
n≥6
7 (sp2n, αn−1) (SLn−1×SL2,C
n−1⊗C2) 2 α1+αn, α2+ . . .+αn−1 n≥3
8∗ (sp2n, αn) (SLn, S
2Cn) n 2αi for 1≤i≤n−1, α2n n≥2
9∗ (so2n+1, α1) (SO2n−1,C2n−1) 2 α1, 2α2+ . . .+2αn n≥3
10 (so2n+1, αn) (SLn,Cn) 1 α1+ . . .+αn n≥3
11∗ (so2n, α1) (SO2n−2,C2n−2) 2
α1,
2α2+ . . .+2αn−2+αn−1+αn
n≥4
12∗ (so4n+2, α2n+1) (SL2n+1,∧
2C2n+1) n
α2i−1+2α2i+α2i+1
for 1≤i≤n−1,
α2n−1+α2n+α2n+1
n≥2
13∗ (so4n, α2n) (SL2n,∧
2C2n) n
α2i−1+2α2i+α2i+1
for 1≤i≤n−1, α2n
n≥2
14 (g2, α1) (SL2,C2) 1 α1+α2
15 (f4, α3) (SL3×SL2,C3⊗C2) 2 α1+α4, α2+α3
16 (f4, α4) (Spin7, R(̟3)) 2 α1+2α2+3α3, α4
17∗ (e6, α6) (Spin10, R(̟5)) 2
α1+α3+α4+α5+α6,
2α2+α3+2α4+α5
18∗ (e7, α7) (E6, R(̟1)) 3
2α1+α2+2α3+2α4+α5,
α2+α3+2α4+2α5+2α6, α7
character −α and the highest weight of g(−α) as an L′-module is uniquely determined
by the numbers β∨(−α) with β ∈ Π \ {α}. Having determined the structure of g(−α) as
a (C × L′)-module, one then checks if g(−α) is spherical using Theorem 3.9.
A case-by-case check of all possible pairs (g, α) shows that g(−α) is a spherical L-module
if and only if (g, α) appears in Table 2.
(b) In all the cases in Table 2, the subgroup H turns out to be wonderful and the
corresponding set of spherical roots is already known. Below we give references for all the
cases.
If the group P ′u is trivial then H is reductive, these cases are marked with an asterisk
in Table 2. The corresponding sets of spherical roots are taken from [BrPe3, § 3]. More
precisely, cases 1, 8, 9, 11, 12, 13, 17, 18 in Table 2 correspond to cases 3, 12, 8, 14, 16,
16, 18, 22 in loc. cit., respectively.
If rk(G/H) = 1 then the unique spherical root is determined directly from the weight
lattice and equals the highest weight of the L-module g(α).
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If rk(G/H) = 2 and the subgroup H is not reductive then the corresponding set of
spherical roots is taken from [Was, § 3]. More precisely, cases 7, 15, 16 in Table 2 corre-
spond to cases 4′ of Table C, 1 of Table F, 2 of Table F in loc. cit., respectively.
For the remaining cases 3–6 in Table 2, the information on the corresponding sets of
spherical roots follows from [BrPe4, § 3.3 and Proposition 3.3.1]. This information is also
given in an explicit form in Table 2 of the preprint [BrPe1]; cases 3, 5, 11, 18 of that table
correspond to our cases 3, 5, 6, 4 in Table 2, respectively. 
5.6. Examples. In this subsection, we present two examples of computing the set of
spherical roots for spherical subgroups in the case G = SL4. We choose B,B
−, T to be
the subgroup of all upper triangular, lower triangular, diagonal matrices, respectively,
contained in G. Then Π = {α1, α2, α3} where αi(t) = tit
−1
i+1 for all t = diag(t1, t2, t3, t4) ∈
T . In both examples, there is a unique choice of a parabolic subgroup P ⊃ B− such that
H is regularly embedded in P and L′ ⊂ K ⊂ L.
Example 5.15. Let H be the connected subgroup of G whose Lie algebra consists of all
matrices of the form 
a 0 0 0
b x y 0
c z −x 0
d −c b −a
 .
For this H , the groups P , L, C, K consist of all matrices in G having the form
∗ 0 0 0
∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ ∗
 ,

∗ 0 0 0
0 ∗ ∗ 0
0 ∗ ∗ 0
0 0 0 ∗
 ,

t1 0 0 0
0 t2 0 0
0 0 t2 0
0 0 0 t−11 t
−2
2
 ,

t 0 0 0
0 ∗ ∗ 0
0 ∗ ∗ 0
0 0 0 t−1
 ,
respectively. Then Ψ = {λ1, λ2} with λ̂1 = α1 + α2 and λ̂2 = α2 + α3, the set Ψ˜ consists
of one class {λ1, λ2}, and Ψ0 = Ψ
max
0 = Ψ.
Using Lemma 5.1(b) or Proposition 3.19 we check that NG(H)
0 = H .
Let ι : X(T )→ X(T ∩K) be the character restriction map. Then
ΛL(L/K) = Ker ι =
1
2
Z(α1 − α3)
and pu/hu is a simple K-module with lowest weight −ι(α1 + α2) = −ι(α2 + α3), so
that FK(pu/hu) = {ι(α1 + α2)} and ΛK(pu/hu) = Zι(α1 + α2). Then Proposition 3.13
yields ΛG(G/H) = Z{α1 + α2,
1
2
(α1 − α3)} and hence |ΣG(G/H)| = rkΛG(G/H) = 2 by
Proposition 3.1.
For i = 1, 2 let hi denote the multiplicative degeneration of h defined by λi and put
Ni = NG(hi)
0. Then Propositions 5.2 and 3.19 imply that the algebras n1, n2 consist of
all matrices in g of the form
∗ 0 0 0
0 ∗ ∗ 0
0 ∗ ∗ 0
∗ ∗ ∗ ∗
 ,

∗ 0 0 0
∗ ∗ ∗ 0
∗ ∗ ∗ 0
∗ 0 0 ∗
 ,
respectively. As can be seen, both subgroups N1, N2 are regularly embedded in the same
parabolic subgroup P , Ψ(N1) = {λ2}, Ψ(N2) = {λ1}. Then the results of § 5.5 yield
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ΣG(G/N1) = {α1 + α2} and ΣG(G/N2) = {α2 + α3}. Since both elements α1 + α2 and
α2 + α3 are primitive in ΛG(G/H), we finally obtain ΣG(G/H) = {α1 + α2, α2 + α3}.
Example 5.16. Let H be the subgroup of G consisting of all matrices of the form
∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ 0
0 0 ∗ ∗
 .
For this H , the groups P , L, C consist of all matrices in G having the form
∗ ∗ 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0
∗ ∗ ∗ ∗
 ,

∗ ∗ 0 0
∗ ∗ 0 0
0 0 ∗ 0
0 0 0 ∗
 ,

t1 0 0 0
0 t1 0 0
0 0 t2 0
0 0 0 t−21 t
−1
2
 ,
respectively, and K = L. Then Ψ = {λ1, λ2} with λ̂1 = α1 + α2 and λ̂2 = α1 + α2 + α3,
the set Ψ˜ consists of two classes {λ1} and {λ2}, and Ψ0 = ∅.
Using Lemma 5.1(b) or Proposition 3.19 we check that NG(H)
0 = H .
The K-module pu/hu is a direct sum of two simple K-modules with lowest weights
−(α1 + α2) and −(α1 + α2 + α3), therefore
FK(pu/hu) = {α1 + α2, α1 + α2 + α3, α1 + 2α2 + α3}.
Then Proposition 3.13 yields ΛG(G/H) = ΛK(pu/hu) = Z{α1, α2, α3}, which implies
|ΣG(G/H)| = rkΛG(G/H) = 3 by Proposition 3.1.
For i = 1, 2 let hi denote the additive degeneration of h defined by λi and put Ni =
NG(hi)
0. Then Propositions 5.8 and 3.19 imply that the algebras n1, n2 consist of all
matrices in g of the form 
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0
∗ 0 0 ∗
 ,

∗ 0 0 0
∗ ∗ 0 0
0 0 ∗ 0
∗ ∗ ∗ ∗
 ,
respectively. Clearly, both subgroups N1, N2 are regularly embedded in B
− and hence are
strongly solvable. Since for strongly solvable spherical subgroups there are explicit formu-
las for all the Luna–Vust invariants given by [Avd3, Theorem 5.28], at this point we can
apply part (c) of the above-cited theorem and get ΣG(G/N1) = {α2, α3} and ΣG(G/N2) =
{α1, α2}. Alternatively, we can repeat the procedure for each of the subgroups N1, N2.
We have Ψ(N1) = {β1, β2} with β1 = α2 + α3, β2 = α3 and Ψ(N2) = {γ1, γ2} with
γ1 = α1 + α2, γ2 = α2. For i = 1, 2 let h1i (resp. h2i) denote the additive degeneration
of n1 (resp. n2) defined by βi (resp. γi) and put N1i = NG(h1i)
0 (resp. N2i = NG(h2i)
0).
Then Propositions 5.8 and 3.19 imply that the algebras n11, n12, n22 consist of all matrices
in g of the form 
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0
∗ ∗ 0 ∗
 ,

∗ 0 0 0
∗ ∗ 0 0
∗ 0 ∗ 0
∗ ∗ ∗ ∗
 ,

∗ 0 0 0
0 ∗ 0 0
∗ ∗ ∗ 0
∗ ∗ ∗ ∗
 ,
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respectively, and n21 = n12. Clearly, |Ψ(Nij)| = 1 for all i, j = 1, 2, hence the results
of § 5.5 yield ΣG(G/N11) = {α3}, ΣG(G/N12) = ΣG(G/N21) = {α2}, and ΣG(G/N22) =
{α1}. Since all the three elements α1, α2, α3 are primitive in ΛG(G/H), we finally obtain
ΣG(G/H) = {α1, α2, α3}.
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